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Abstract

Analytical closed-form solution of the unsteady hydro-magnetic natural convection heat and mass transfer flow of a rotating, incom-
pressible, viscous Boussinesq fluid is presented in this study in the presence of radiative heat transfer and a first order chemical reaction
between the fluid and the diffusing species. The Rosseland approximation for an optically thick fluid is invoked to describe the radiative
flux. Results obtained show that a decrease in the temperature boundary layer occurs when the Prandtl number and the radiation param-
eter are increased and the flow velocity approaches steady state as the time parameter t, is increased. These findings are in quantitative
agreement with earlier reported studies.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The flow of an incompressible Boussinesq fluid in the
presence of rotation has applications in space science and
engineering fluid dynamics. Bestman and Adjepong [1]
studied the unsteady hydro-magnetic free convection flow
with radiative heat transfer in a rotating fluid. Jha [2] stud-
ied MHD free convection and mass transfer flow through a
porous medium but did not consider the effect of radiation
which is of great relevance to astrophysical and cosmic
studies. The effects of Hall current on hydro-magnetic free
convection with mass transfer in a rotating fluid was stud-
ied by Agrawal et al. [3]. Singh and Sacheti [4] presented a
study on the finite difference analysis of unsteady hydro-
magnetic free convection flow with constant heat flux,
while Ram and Jain [5] presented the result of a study on
hydro-magnetic Ekman layer on convective heat generat-
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ing fluid in slip flow regime. Helmy [6] focused on MHD
flow in a micro-polar fluid. Recently, Chamkha [7] investi-
gated unsteady convective heat and mass transfer past a
semi-infinite permeable moving plate with heat absorption
where it was found that increase in solutal Grashoff num-
ber enhanced the concentration buoyancy effects leading
to an increase in the velocity. In another recent study
Ibrahim et al. [8] investigated unsteady magneto-hydrody-
namic micro-polar fluid flow and heat transfer over a ver-
tical porous plate through a porous medium in the presence
of thermal and mass diffusion with a constant heat source.
Chamkha and Cookey [7,9], give a good review on MHD
flows through a porous medium.

Some non-Newtonian fluids with large absorption coef-
ficient are classified as optically thick, Bestman [16]. The
aim of the present study, which deals with optically thick
fluids with large absorption coefficient, is to analyze the
effects of radiation on unsteady three-dimensional natural
convection involving heat and mass transfer for heating
of the porous plate (Gr < 0) by free convection currents,
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Nomenclature

u, v velocity components
q complex velocity
U0 scale of free stream velocity
z coordinate
q fluid density
T dimensional temperature
c dimensional species concentration
t time
k thermal conductivity
Dm solutal diffusivity
q density
cp specific heat at constant pressure
e time corrective parameter (e� 1)
b and b* coefficients of volume expansion due to tem-

perature and concentration
l permeability
M magnetic Hartmann number
Pr Prandtl number
Sc Schmidt number
kr chemical reaction constant
K porosity parameter

r* Stefan–Boltzmann constant
a2 absorption coefficient
k wavelength
B Planck’s constant
h non-dimensional temperature
C non-dimensional species concentration
g acceleration due to gravity
Gr free convection parameter
Gc modified free convection parameter
r electrical conductivity
m kinematic coefficient of viscosity
X angular velocity
H0 magnetic field strength
qr radiative flux vector

Superscript
0 differentiation with respect to z

Subscripts

w wall condition
1 free stream condition
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and for cooling of the porous plate (Gr > 0) which should
increase the applicability of the study reported in Ogulu
and Cookey [10] especially with the incorporation in this
study of the effect of chemical reaction rate.
2. Governing equations and their solution

We consider in three dimensions the unsteady motion of
an incompressible electrically conducting viscous fluid
which moves in its own plane with velocity U0 and rotates
with angular velocity X as in [1]. We assume a uniform
magnetic field B0 applied in the direction of the flow fixed
relative to the plate. We also assume that induced magnetic
fields are negligible in comparison with the applied field.
Further, we assume no applied voltage present which
means no electric field present and viscous dissipation heat-
ing is absent in the energy equation. With these assump-
tions and those usually associated with the Boussinesq
approximations, the proposed governing equations are

ou0

ot0
� 2X0v0 ¼ m

o2u0

oz02
� rB2

0u0

q1
� mu0

K 0
þ gbðT � T1Þ

þ gb�ðc� c1Þ ð1Þ
ov0

ot0
� 2X0u0 ¼ m

o2v0

oz02
� rl2H 2

0v0

q1
ð2Þ

q1cp
oT
ot0
¼ k

o2T
oz02
� oq0r

oz0
ð3Þ

q1cp
oc0

ot0
¼ Dm

o2c0

oz02
� k0rc

0 ð4Þ
subject to the conditions

u0 ¼ U 0; v0 ¼ 0; T ¼ T w; c0 ¼ cw on z0 ¼ 0

u0 ¼ 0; v0 ¼ 0; T ¼ T1; c0 ¼ c1 as z0 ! 1
ð5Þ

We now introduce the following non-dimensional quan-
tities and parameters

t0 ¼ mt

U 2
0

; z0 ¼ mz
U 0

; u0 ¼ uU 0; v0 ¼ vU 0;

K 0 ¼ m2K

U 2
0

; X0 ¼ U 2
0X
m

; q0r ¼
U 0kqr

qcp
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;

Pr ¼ lcp

k
; M2 ¼ rlmH 2

0

q1U 2
0

; Gr ¼
gbmðT � T1Þ

U 3
0

;

Gc ¼
gbmðc� c1Þ

U 3
0

; h ¼ T � T w

T � T1
; C ¼ c� cw

c� c1
ð6Þ

Introducing Eq. (6) into Eqs. (1)–(5) we obtain

ou
ot
� 2Xv ¼ o2u

oz2
�M2u� u

K
þ Grhþ GcC ð7Þ

ov
ot
� 2Xu ¼ o2v

oz2
�M2v ð8Þ

oh
ot
¼ 1

Pr
o

2h
oz2
� oqr

oz

� �
ð9Þ

oC
ot
¼ 1

Sc
o2C
oz2
� krC ð10Þ

We now find it convenient to combine Eqs. (1) and (2) into
a single equation. We multiply Eq. (2) by i and add the
resultant to Eq. (1) to obtain
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oq
ot
þ 2iXþM2 þ 1

K

� �
q ¼ o2q

oz2
þ Grhþ GcC ð11Þ

q = u + iv and i ¼
ffiffiffiffiffiffiffi
�1
p

: Further, for the radiative heat
flux in Eq. (9) we invoke the differential approximation,
Elbarbary and Elgazery [11]

r � qr ¼ 4ðT � T wÞ
Z 1

0

a2 oB
oT

� �
dk ð12Þ

For an optically thick fluid, as noted in Azzam [15], in
addition to emission there is also self-absorption and usu-
ally the absorption coefficient is wavelength dependent
and large (as noted in [16]) so we can adopt the Rosseland
approximation of Eq. (12) where the radiative flux vector qr

is given by

qr ¼ �
4r�

3a
oT 4

oz
ð13Þ

Assuming small temperature differences within the flow we
can expand T in a Taylor series about a free stream temper-
ature T1, neglecting higher order terms, we obtain

T 4 ffi 4T 3
1T � 3T 4

1 ð14Þ

Substituting Eq. (14) into Eq. (9) we obtain

oh
ot
¼ 1þ N

Pr

� �
o2h
oz2

ð15Þ

where N ¼ 3ak
4r�T 3

1
is the radiation parameter. The initial and

boundary conditions are now

t 6 0 : qðz; tÞ ¼ hðz; tÞ ¼ Cðz; tÞ ¼ 0

t > 0 : fqð0; tÞ ¼ q0 hð0; tÞ ¼ 1 Cð0; tÞ ¼ 1

fqð1; tÞ ! 0 hð1; tÞ ! 0 Cð1; tÞ ! 0

ð16Þ

The mathematical statement of the problem is now
complete.

The solution of Eqs. (10) and (15) employing Laplace
transform technique subject to the conditions in Eq. (16)
can be put in the form
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ð17Þ

and
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where a ¼ Pr
1þN, and subsequently h ¼ 1

Sc.

We now substitute Eqs. (16) and (17) into Eq. (11) and
take the Laplace transform of the resultant equation. On
appeal to Abramowitz and Stegun [12] for inverse trans-
forms and convolution, we can show that for
(i) Constant motion:
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d ¼ ðM2 þ 1=KÞ þ 2iX; d� ¼ d
a� 1

;

h� ¼ kr � hd
h� 1

; G�r ¼
Gr

1� a
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h
h� 1

� �
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(ii) Decaying oscillatory motion:
We can express the velocity field as

qðz; tÞ ¼ Uðz; tÞ þ Ajðz; tÞ ð20Þ
Such that

Uðz; tÞ ¼
Z t

0

U�ðz; sÞf ðt � sÞds ð21Þ

where
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2
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p
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4s
ð22Þ

H(t) is Heaviside unit function. In this case we take f(t) as

f ðtÞ ¼ HðtÞ
2

e� k2
1�ixð Þt þ e� k2

1þixð Þt
h i

ð23Þ

where k1 and x are both real positive dimensionless con-
stants. Substitution of Eq. (22) into Eq. (20) gives
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Let a1 � ib1 � M2 þ 1
K � k2

1
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Fig. 1. Temperature profiles.
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and when x P 2X
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Hence
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Having obtained the expression for the velocity field one
can now proceed to calculate the complex non-dimensional
skin friction. For the constant motion we have

sx þ isy ¼ q0 �2
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d
p

erfc
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dt
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� e�dt

ffiffiffi
1

t

r( )
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and for the decaying oscillatory motion the complex non-
dimensional skin friction is given as
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s01 corresponds to the complex non-dimensional skin fric-
tion when x < 2X, while s02 will correspond to the complex
non-dimensional skin friction when x P 2X.
3. Results and discussion

The problem of radiative heat transfer to unsteady
hydro-magnetic flow involving heat and mass transfer is
addressed in this study. Numerical calculations have been
carried out for the non-dimensional temperature h, concen-
tration C, complex velocity q and skin friction s taking the
Heaviside step function H(t) = 1, for simplicity, keeping
the other parameters of the problem fixed. The solution
obtained for the velocity is complex and only the real part
of the complex quantity is invoked for the numerical dis-
cussion with the help of Abramowitcz and Stegun [12].
Numerical calculations of these results are presented
graphically in Figs. 1–10. These results show the effect of
material parameters on the temperature distribution, con-
centration profiles, complex velocity and the shear stress
at the wall.

In Fig. 1 we depict the temperature distribution for
Pr = 0.71, as corresponds to air and Pr = 7.0, as corre-
sponds to water at room temperature and one atmosphere
pressure, highlighting the effect of radiation. We observe a
decrease in the temperature and the temperature boundary
layer as the radiation parameter N, is increased and also as
the Prandtl number Pr, increases. This second observation
agrees with the report in Kim [17] where it was observed
that this decrease in the temperature boundary layer is
accompanied with a more uniform temperature distribu-
tion across the boundary layer. The temperature is
observed to decrease steeply and exponentially away from



Fig. 2. Concentration profiles.

Fig. 3. Velocity profiles showing the effect of Prandtl number.

Fig. 4. Velocity profiles showing the effect of the Schmidt number.

Fig. 5. Velocity profiles showing the effect of the free convection
parameter Gr, t = 0.03.

Fig. 6. Effect of radiation on the velocity profile; Gr = 5, t = 0.03.

Fig. 7. Velocity profiles showing the effect of time parameter, t.
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Fig. 8. Effect of radiation on the velocity distribution; Gr = �3, t = 0.03.
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Fig. 9. Effect of radiation on the real part of the skin friction when
x < 2X, and t = 0.03.
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Fig. 10. Effect of radiation parameter on the imaginary part of the skin
friction when x < 2X and t = 0.03.
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the plate. However, we observe an increase in the temper-
ature and the temperature boundary layer as the time
parameter increases. Fig. 2 depicts the effects of chemical
reaction and the Schmidt number on the species concentra-
tion. Again the feature is an exponential decrease away
from the plate. As in Muthucumaraswamy and Ganesan
[13], we take the Schmidt number Sc = 0.24 and 0.6 as
would correspond to hydrogen and water vapour, respec-
tively and observe that as the Schmidt number Sc is
increased the concentration and the concentration bound-
ary layer are both seen to decrease, whereas increase in
the reaction rate constant kr is accompanied by negligible
change in the concentration and this is attributable to the
effect of radiation on the flow.

The temperature and the species concentration are cou-
pled to the velocity via the free convection parameters Gr

and Gc, as seen in Eq. (11), and the effect of material
parameters on the velocity are depicted in Figs. 3–7 (for
cooling of the plate), and Fig. 8 (for heating of the plate)
by free convection currents. Fig. 3 depicts the effect of Pra-
ndtl number on the flow velocity. We observe a decrease in
the velocity as the Prandtl number increases due to the
decrease in the temperature buoyancy effect which also
leads to a decrease in the velocity boundary layer. From
Figs. 4–6 we observe that increase in the Schmidt number
or the free convection parameter or the radiation parame-
ter leads to an increase in the velocity when the other
parameters are fixed, for cooling of the plate by free con-
vection currents Gr > 0). From Fig. 7 we observe that
beyond about t = 12 the flow attains steady state condi-
tions with the flow velocity increasing with increase in the
time parameter t up to this point. From Fig. 8 we observe
that besides the reverse flow, increase in the radiation
parameter leads to an increase in the velocity. These obser-
vations are in good agreement with those of [14] and
Chamkha [18] where these are attributed to the thermal
buoyancy effect. Further in the absence of a magnetic field
and mass transfer, we observe good agreement between this
study and that of Bestman and Adjepong [1].

Figs. 9 and 10 show the effect of radiation on the com-
plex skin friction sx and sy, where we observe an increase in
the real part of the complex skin friction sx as the radiation
parameter increases, and a decrease in the imaginary part
of the complex skin friction as the radiation parameter
increases. Further, from Fig. 7 we observe that the velocity
increases as the time parameter t, increases, thus tending
towards steady state conditions.

4. Conclusions

In this study we have examined the governing equations
for unsteady hydro-magnetic natural convection heat and
mass transfer flow of a rotating Boussinesq fluid past a ver-
tical porous plate in the presence of radiative heat transfer.
Employing Laplace transfer technique, the leading equa-
tions are solved analytically in the complex plane. We pres-
ent results to illustrate the flow characteristics for the
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velocity and temperature fields as well as the skin friction
and show how the flow fields are influenced by the material
parameters of the flow problem. We can conclude from
these results that the radiation indeed affects the tempera-
ture and therefore the velocity hence the skin friction. As
the radiation parameter is increased it is accompanied by
a decrease in the temperature and an increase in velocity,
when the plate is cooled by convection currents, Gr > 0.
Increase in the Schmidt number results in a decrease in
the concentration, while increase in the rate constant
results in negligible change in the concentration. The flow
velocity approaches steady state conditions as the time
parameter t, is increased to about 12 (Fig. 8).

In this part of our study we have emphasized only the
real part of the complex fields. FORTRAN programming,
for instance, can be employed to discuss the imaginary part
of the complex fields. We hope to do that in a further study.
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